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Abstract 

We show how to hft solutions of Euchdean Einstein-Maxwell equations with non-zero 
cosmological constant to solutions of eleven-dimensional supergravity theory with non- 
r> ' zero fluxes. This yields a class of IID metrics given in terms of solutions to SU{oo) Toda 

. equation. We give one example of a regular solution and analyse its supersymmetry. 

We also construct and classify solutions to = 2 minimal gauged supergravity in four 
Euclidean dimensions (these are the same as Euclidean Einstein-Maxwell space-times 
with non-vanishing cosmological constant), where the Killing spinor equations admit more 
than one solution and so the supersymmetry is enhanced. If the Weyl tensor is anti-self- 
dual then the enhanced supersymmetric metrics are given by separable solutions to the 
SU{oo) Toda equation. Otherwise they are ambi-Kahler and are conformally equivalent 
to Kahler metrics of Calabi type or to product metrics on two Riemann surfaces. 
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1 Introduction 



Euclidean solutions to Einstein-Maxwell equations with non-zero cosmological constant (and 
their lifts to eleven-dimensional supergravity) have recenlty appeared in the context of AdS/CFT 
correspondence. In [171 IlH] it was argued that a class of supersymmetric gauge theories on 
three-dimensional Berger spheres posses gravity duals given by Euclidean N = 2 minimal 
gauged supergravity solutions. See |16j for some earlier results on Euclidean supersymmetry. 

The aim of this paper is two-fold. Firstly we shall show how to lift the Euclidean Einstein- 
Maxwell space times with A > to solutions of D = 11 Lorentzian supergravity with non- 
vanishing fluxes. The Fubini-Study metric gQj^2 on CP^ with the Maxwell field given by the 
Kahler form leads to an explict regular eleven-dimensional solution which is a non-trivial 

bundle over a product manifold CP^ x CP , where CP is the non-compact dual to CP'^ with 
the Bergmann metric. The metric and the four-form are given by 

ds"^ = gc¥^ + dr"^ + e'^gM.'i - 2e'^{dt + A){dx - a + ^e~''{dt + A)) 
G = 3volcp2 - J AF, 

pu where (7^4 is the flat metric on with the Kahler form da, the Maxwell field in four 
dimensions is the Kahler form on CP^ given hy F = dA, and J = —d{e'^{dx — Oi)). This solution 
admits a null non-hyper-surface-orthogonal isometry d/dx- Our procedure is a modification of 
the anzatz made by Pope [22j , adapted to the Euclidean signature, and anti-self-dual Maxwell 
fields. Moreover we show that SUSY solutions in four dimensions in general lift to non SUSY 
solutions in eleven dimensions. 

Secondly we shall construct and classify solutions to = 2 minimal gauged supergravity 
in four Euclidean dimensions (these are the same as Euclidean Einstein-Maxwell space-times 
with non-vanishing cosmological constant), where the Killing spinor equations admit more 
than one solution. This will select a subclass of solutions constructed in [TJ [S] with enhanced 
supersymmetry (see [H] and [TB] for discussion of supersymmetric solutions to Euclidean N = 2 
SUGRA with A = 0). In particular the underlying metric has to be ambi-Kahler in the sense 
of [2j w.r.t. both self-dual and anti-self-dual parts of the Maxwell fields. If the self-dual part 
of the Maxwell field vanishes, the supersymmetry enhancement imposes additional constraints 
on solutions of the SU{oo) Toda equation [3] 

Uxx + UYY + {e'')zz = 0, U = U{X,Y,Z) (1.1) 

which underlies some solutions of [7]. Here Ux = dxU etc. Imposing these constraints enables 
us to integrate the SU{oo) Toda equation completely to find that the corresponding solutions 
are separable, i. e. U{X, Y, Z) = Ui{Z) + U2{X, Y) and thus fall into the class studied by Tod 



2 



. This class of solutions includes the non-compact analogue of the Fubini-Study metric, 

2 

= SU{2, 1)/U{2) with cosmological constant A < 0. In this case the norm of the Maxwell 
is constant and the solution of (11.11) is 



, 4Z(Z + AA) , , 



If the Maxwell field is neither self-dual nor anti-self-dual, then the SUSY enhancement yields 
a family of type D Euclidean Einstein-Maxwell metrics. They are either conformal rescalings 
of a product metric on two Riemann surfaces, or conformal rescalings of 

^ = y/^s + vQ-^dy" + y-^Q{di, + <\>f (1.3) 

where Q{y) is a product of two quadratic polynomials in y and is a volume form of a metric 
/is on a 2D surface S. This form of the metric is a special case of the metric appearing in 
equation (10) of [2]. 

2 CP^ and CP^ as SUSY solutions to Euclidean gauged 
supergravity 

Let crj,j = 1,2,3 be the left-invariant one forms on the group manifold SU{2) such that 
dai = (72 A (T3, etc. The Fubini-Study metric on CP^ is (see e.g. [21], [5]) 

9. = fV + \{r'f{a^ + a,') + r'fW), (2.4) 

where / = (1+Ar^)~^ and A > 0. This metric is conformally anti-self-dual (ASD) and Einstein 

with the cosmological constant A, i. e. Rab = Q-^Qab- Taking instead A < in (12. 4p gives the 

— -2 

Bergmann metric on the non-compact manifold CP = SU{2, 1)/U{2). The metric (12. 4p is also 
Kahler, albeit with the opposite orientation: the ASD Kahler form is given by 

F = /V rfr A (T3 + V/ ai A (72 (2.5) 
= diil/2yfa,). 

In [7] it was shown that supersymetric solutions to = 2 minimal gauged Euclidean super- 
gravity in four dimensions, with anti-self-dual Maxwell field, and such that the Killing spinor 
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generates a Killing vector (which we call K = d/dip) are of the forrr0 

g = ^ (v{dZ^ + e^(dX2 + dY^)) + y-^d^P + 0)^) , (2.6) 

where U = U{X, Y, Z) is a solution of the SU (oo) Toda equation (11 .ip . the function V is given 
by AAV = ZUz — 2, and is a one-form such that 

d(f) = -VxdY AdX - VydZ A dX - {Ve^)zdX A dY. (2.7) 



This is also the most general class of ASD Einstein metrics with A 7^ and an isometry |2] 

We can now read off the solution of the SU {00) Toda equation from the metric (12. 4p . This 
can be done in more than one way, as the isometry group of (12. 4p is SU{2, 1). Thus we make a 
choice of a left-invariant Killing vector K such that Kj = I (this would be given by d/dip 
in the usual coordinates on SU{2), but there is no need to introduce the coordinates at this 
stage). Comparing (12. 6 p with (12. 4 p we find Z = — 4/(r^/). We now introduce the coordinates 
{X, Y) on the two-sphere CP^ such that 

, 2 ^dX' + dY') 

(Ji + (72 — 



which yields the expression (II. 2p for U and V = —{Z -\- 4A)~^. In these coordinates the ASD 
Kahler form is 

f = _<,ZA(« + ^)--^^^^j^. (2.8) 

This coincides, up to a constant overall factor, with the ASD Maxwell field constructed in [TJ E] 
for a general solution to SU{oo) Toda equation. The formula for F was only implicit in these 
papers - the explicit expression is given by 

p-l 

{UzydZ AdX- UzxdZ A dY) + — -{UzxdX + UzydY) A {dtp + <p) 



AA{ZUz-2)' ' {ZUz -2)^ 

+ SA(ZUz-2f ''^^^^^ + Uz')dX AdY + -^^l—-^(2Uzz + Uz')dZ A (# + 0), 
where A = —l/{2i'^). Thus we need A < for this to be real, and we have established that 

~2 

CP is super-symmetric. The Maxwell potential is given by 



^In this paper we revert to the standard sign convention for the cosmological constant. Thus the Fubini- 
Study metric and the round sphere have A > 0. In our previous papers [ZllH] these metrics had A < 0. 
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and the two-form ([23]) is given by -Ai dA. If instead A = 1/(2^2) > g then 023]) is still 
supersymmetric if we replace F by —F. 

The Maxwell two-form satisfies F A F = c.vol where c = const if 

e^iUz' + 2Uzzr + ^iUzx' + Uzv') = ^ce^(^%^)'- 

We note that, up to a transformation of (X, Y) coordinates, the function (11.21) is the most 
general solution to the above constraint which also satisfies the SU{oo) Toda equation, and is 
separable in the sense that U{X, Y, Z) = Ui{Z) + U2{X, Y). 

To sum up, if (M, g) is conformally ASD, = and F_ is covariantly constant then 
{M,g) is a space of constant holomorphic sectional curvature, i.e. a complex space form CP^, 

~2 

its non-compact dual CP , or C . 



3 Lift to eleven dimensions 

Let {M4, g4^, F) be a Riemannian solution of Einstein-Maxwell equations in four dimensions 
with A > and anti-self-dual Maxwell field F = dA, and let (Mg, (^e? J) be a Kahler-Einstein 
manifold with the Ricci tensor = ^2 (5^6)^/3 Kahler form J. Let us consider a 

Lorentzian metric 

ds'^ = g4 + ge- {dt + kiA + Bf, (3.9) 
together with the the four-form 

G = aiVoU + (T2J AF + a^J A J, 

where dB = 2^37 and ki, k2, k^, ai, 02-, are constants which will be fixed by the field equations 
of D = 11 supergravity 

^AB = AN1N2N3G B^^^^^^ — y^9abGniN2N3N4,G^'^^'^^^^'^ (3.10) 

and 

dMiG -^G AG = 0. (3.11) 

Here Rab is the Ricci tensor of ds'^, and the capital letter indices run from to 10. The case 
(T3 = is a modification of the ansatz [22] adapted to the Euclidean signature. We chose the 
eleven-dimensional volume to be 

volii = ^{dt + kiA + B) A V0I4 A J A J A J 
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which yields 

^iiG = {dt + kiA + B) A (-aiJ A J A J - -as^ A J A F + 2asJ A V0I4 

V6 2 

We now substitute this to the gauge field equations (13.111) and get the following three conditions 
for the constants 

- k3Cr2 + ^ki(Tl = (T2(T3, (T2{ki + (J2) = 0, 0-3(4^3 - (Ti) = 0. (3.12) 



The analysis of the Einstein equations is more complicated, and requires the computation of 
the spin connection coefficients. We skip the tedious calculations and only give the answer. 
Equations (I3.10p hold if and only if 

Qkl = 2al + kf = al k2 + 2kl = 2a| - 6A = ^a^ - 2al (3.13) 

Consider the conditions (I3.12p together with (I3.13p . It is straightforward to show that there are 
no solutions to these equations with both (72 7^ and as 7^ 0. There are three distinct classes 
of solutions: 

1. Solutions with a2 = a^ = 0. These have ki = 0. Furthermore one must have A > 0, with 

1 
2 

Thus the Maxwell field decouples in this lift, and we end up with an analogue of the 
Freund-Rubin solution. 

2. Solutions with cr2 = 0, 0-3 7^ 0. These solutions also have ki = 0, and A > with 

10 8 
kl = 2A, al = -—A, a, = ±AV2A, ^2 = --A. (3.15) 

The Maxwell field also decouples in this case. This is an analogue of the Englert solution. 

3. Solutions with a2 0, a^ = 0. These solutions have A > 0, with 

ai = ±3V2VA, ks = T^VA, k2 = -4A, (3.16) 

v2 

and ki and a2 satisfy ki = —a2 but are otherwise unconstrained. This is the most 
interesting class from our perspective, as the four-dimensional Maxwell field contributes 
non-trivially to the fiux in eleven dimensions. 

Note that in all cases, only solutions with A > can be uplifted. This should be contrasted 
with the original Pope ansatz [22j where the Lorentzian Einsten-Maxwell space times with 
A < have been uplifted to eleven dimensions. 



al = 18A, kl = -A, k2 = -4A. (3.14) 
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3.1 Example 

We shall consider the third possibility f l3.16p . and chose a2 = — 1 so that the flux is given by 

G = 3V2AV0I4 -JAF. (3.17) 

Let us take M4 = CP^,5'4 = (7cp2 with the ASD Fubini study metric (12 ■4p and the Maxwell 
fleld given by the ASD Kahler form (12. 5p . The six-dimensional Kahler-Einstein manifold is 

~3 

taken to be the non-compact version of the complex projective three space, CP known as the 

Bergmann space. The Ricci scalars of CP and CP have the same magnitute but opposite 
signs. We shall chose A = 1/2, so that the Ricci scalar of CP^ is 12. 

~3 

To construct the metric on CP explicitly, consider the metric 

on C^. This is SU{3, 1) invariant. Restricting this metric to the quadric + \Z'^\'^ + — 
= —1 reduces it to the constant curvature metric on AdS^. Both the initial metric, and 
the quadric constraint are invariant under Z° — )■ exp {i6)Z°', and the Bergmann manifold is the 
space of orbits under this circle action. Thus we can express the AdSj as a non-trivial U{1) or 

M* bundle over CP^ 

9AdS7 = -{dt + Bf + 5(~3, where J = -dB. 

Finally, the lift (13.90 of the Fubini-Study metric on CP^ to the solution oi D = 11 supergravity 
is given by a regular metric 

ds^ = g„2 + g~, -{dt + A + Bf, (3.18) 

2 ~^ 

which is a non-trivial line bundle over the ten dimensional Riemannian manifold CP x CP 
with its product metric. This could, if desired, be reduced along the time-like direction to a 
D = 10 Euclidean supergavity. Alternatively we can exhibit a reduction along a space-like 

~3 

Killing vector in CP which leads to a Lorentzian solution to the type IIA string theory. 

It worth remarking that (I3.18P belongs to the class of IID SUGRA solutions with null 

~3 

isometry. To exhibit this isometry, use local coordinates (r, Q, s) on CP found in p3] so 
that the Bergmann metric takes the form 

g^jj^s = dr"^ + e'^{dp^ + dcf + dr^ + ds^) + e^^{dx — pdr — qdsf, 
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In these coordinates B = e^{dx — pdr — qds), and fl3.18l) can be written as 



ds'^ = g„2 + rfr^ + e'g^A - 2e'{dt + A){dx- oi + -e'^{dt + A)) (3.19) 

where g^.-^ is the flat metric on with the Kahler form da. The null isometry is generated by 
d/dx- The corresponding one-form g{d/dx, •) is not hyper-surface-orthogonal, and so f lS.lSp 
is not a plane wave solution. 

3.2 Supersymmetry of Uplifted CP Solution 

The Killing spinor equations of = 11 supergravity are 

VMe = (3.20) 

where 

i^M — y M ~ M ~ oLjrMNiN2N3^ J ■ 

Here Vm is the Levi-Civita connection of the IID metric ds'^, T^^ are the Dirac matrices 
in eleven dimensions and r*^^^^ = y^^T^T^^ etc. It follows from the work of [12] that the 
uplifted CP^ solution is a spin manifold. However, this does not imply that there exists a 
spinor satisfying (13. 20 p . It is straightforward to show that the uplifted CP^ solution exhibits 
both a timelike and null isometry, corresponding to ^ and ^ respectively. One might therefore 
attempt to match the uplifted geometry to the conditions derived in [lOj or ^JJ, in which the 
conditions necessary for a solution of D=ll supergravity to preserve the minimal amount of 
supersymmetry were derived, by comparing the isometry of the uplifted solution to the isometry 
generated by the vector field dual to the 1-form Killing spinor bilinear associated with any 
supersymmetric solution. This naive matching fails, but this does not constitute a proof that 
the solution is not supersymmetric, as the apparent discrepancy in the geometric conditions 
may simply be an artefact of a poor choice of gauge. 

In order to determine if the uplifted solution is actually supersymmetric, a necessary con- 
dition is that the integrability conditions of the D=ll Killing spinor equations (I3.20p should 
admit a non-zero solution e. In particular, consider the integrability conditions 

7^Mive = 0, (3.21) 

where 
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The actual form of the supercovariant curvature TZmn is set out in [S]. Due to the rather 
comphcated structure of these integrabihty conditions, the analysis of fl3.2ip has been performed 
using a computer. First, it is straightforward to check that 

^^7^M^e = 

for any spinor e; this also follows as a consequence of the bosonic field equations [H]. We choose 
a basis e°, e'^, e'*, where 

= dt + A + B 

and let e'^ be an appropriately chosen basis for CP , and e*^ be a basis for CP . Using some 
further computer analysis, one finds that the integrabihty condition fl3.2ip is equivalent to 

F^.r'^'^e = 0, ToJabrt = 6e. (3.22) 

These conditions reduce the number of real degrees of freedom in e from 32 down to 4, so the 
solution can preserve at most = 4 supersymmetry. We remark that these conditions also 
imply that 

NiN2N-iN4,'- e — — (Ze 

and using this identity the Kilhng spinor equation (13.201) simplifies to 

(Vm + ^GmnmT''^'''^' + ^TM)e = 0. (3.23) 

It remains to analyse (13.23^ . making use of the conditions (13.22^ . The non-zero components of 
the D = 11 spin connection are 

^0,liu ^fi,Ou ^0,ab ^aflb 2,'^'^^ ' ^f^^'^P ^tJ.,i^pi ^a,bc ^a,bci 

9 o ' 3 

where Cjfj_^up is the spin connection of CP , and u}a,bc is the spin connection of CP . 
Then the M = component of (I3.23P implies that 

dtt = -Foe 

so 

'costl - sintFoje (3.24) 

where S^e = . The conditions (I3.22p are equivalent to 

F^,,T^''e = 0, To Jafert = 6e. (3.25) 
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Next, consider the M = n component of fl3.23l) . This is equivalent to 

{d, + Kj,,,,,,V'^-^y - - F^xV^V\ = 0. 

On substituting fl3.24p into this expression, and evaluating the terms dependent on sint and 
cos t independently, one obtains the condition 

^r^e + F^xT^T^e = . 

On contracting this expression with V^, and using (13.25^ . one finds e = . It follows that the 
uplifted solution (13.191 13.171) is not super symmetric. 



4 Solutions with Enhanced Supersymmetry 

In this section, we classify solutions of minimal Euclidean gauged supergravity with enhanced 
supersymmetry. We shall consider solutions which admit a spinor e satisfying the following 
Killing spinor equation: 

d, + l^^u^u^'"' + '-F^^.^V'^^'T , + Ir, - ja)j e = 0. (4.26) 

In this case, the cosmological constant is given by A = — 2^2; and we do not assume that the 
Maxwell field strength F = dA is either self or anti-self-dual. 

All supersymmetric solutions preserving one quarter of the supersymmetry were classified 
in [8], and one finds that the metric and gauge potential are given by 

g = 2AV2(d^ + 0)2 + f-dx^ + 2e^''dzdz] 

X^a'^ \2 J 

(4.27) 

1 if -if 

A = —{\^ - a^){di) + (j)) - -d.udz + -d-,udz (4.28) 
V 2 2 2 

where A,(T, m are functions, and = 0a;(ix + (p^dz + (p^dz is a 1-form. All components of the 
metric and gauge potential are independent of the co-ordinate -0; and u. A, cr, must satisfy 

a.« = --i^(A-2 + a-2) (4.29) 
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and 



and 



and 



+3(A-2 - a-^){d^uf + ?,d,ud^{\'^ - a-^) + - a'^f'^ = (4.30) 

d,d,u + ^''(dlu + ^^id^uf + - a-^f) =Q (4.31) 

-{dz log —)dx /\dz + ,,\^ {dz log —)dx A (i^ 



We remark that the self-dual and anti-self-dual parts of F are given by: 

1 \Plie^'^ 1 

F" = -2{d^ + 0) A ( V2A^A + —dx) - \^ ^ (2Xd^X + -^)dz A dz 

2i X^a^ a/2£ 

^\dx A ((9,Arfz - SjAd^) (4.33) 



Aa2 



and 



1 \Plie^'^ 1 

F+ = 2(d^ + 0) A i^ado + — c^x) - \ ^ ^ (2a(9:,a + ^^)dz A t/z 

2£ X^G^ ^/2t 

— —^dx A (dzCrdz — dzCrdz) . 
On setting {F^ f = F^^F^^"", one obtains 

(F")2 = ^(8fe-^^X^dzXd-zX + {l + 2V2iXd,XYy (4.34) 
In addition, the conditions f OOj) . (1430]) and flOTj) imply 

,-a,a,A- + a.a.A--?^AV + 2rt- ^ O. (4.35) 
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The integrability conditions of f l4.26p can be decomposed into positive and negative chirality 
parts 

{\W^.MX,T'^'' + Yi^tl,9^]x.^'''' - 'f^.)^T + ^V.F^r'^ei = (4.36) 

where are the self-dual and anti-self dual parts of the Weyl tensor W, with W = + W~ , 
and 

75 e± = ±e± ■ 

We assume that there exists a Killing spinor satisfying (14.261) and its associated integrability 
conditions (14.361) . The components of are the functions A, a in an appropriately chosen gauge, 
using spinorial geometry techniques as described in |8]. 

To begin, we consider solutions preserving half of the supersymmetry. We denote the 
additional spinor by e^, and it is particularly convenient to write the components of as 

el = ael + (]C*el 

where a, /3,9, p are complex functions. 

On evaluating (14.361) acting on we eliminate the Weyl tensor terms using the conditions 
on e]_, to obtain 

_ 1(« _ e)V^F^,T^el_ + i(/3 + p)V.F^- r'^C * 

+ri/3(F,-[^(7.]A.r^^^^ - 2F^- )C * = (4.37) 

and 

^{a- e)V^F^J-el + i(/3 + p)V.F+ F'^C * 

+rV(F,+ [^^?.]A.r^^^^ - 2F+)C * = 0. (4.38) 
Note that contracting (I4.37P with F~'^'' and contracting (14.381) with F^'^" one finds 

- ^{a - e)V^{F-yr^e\ + i(/3 + p)V„{F'fr^C * el - 2i-^f3{F-yC * = 

(4.39) 

and 

i(a - e)V^iF+yT''el + i(/3 + p)V^iF+fT^C * - 2r'p{F+fC * el = 

(4.40) 
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respectively. 

There are a number of possible cases. First, if both = and F~ = 0; then = and 
W~ = as a consequence of fl4.36p . The condition W = together with the requirement that 
the metric be Einstein imply in this case that the manifold must be locally isometric to if^. 
Henceforth, we shall assume that F 0. 

Suppose also that a — 9 = and (3 + p = 0. Then (14.391) and fl4.40p imply that either F = 
or /3 = p = 0. Discarding the case F = 0, if/3 = p = and 6 = a then 

= ae\ 

However, as both and satisfy f l4.26p . this implies that a must be constant. In this case, 
there is no supersymmetry enhancement. 

To proceed, suppose that F~ ^ 0. Then on using fl4.39p to solve for C * in terms of 
and C * e^_, and substituting the resulting expression back into ( I4.37p . one can rewrite ( I4.37P as 

((i^-)V.F- - ^F- V.(F-)^ + ^F-^V.](F-)^ - \9.^,F-^^^\F-fYe = 

(4.41) 

where 

e= {a-e)e\ - (/3 + p)C * . 

The spinor e is non-zero, as a — 6* and /3 + p cannot both vanish. The condition (14.41 p then 
implies that 

V"F- = (4.42) 

where V~ is the Levi-Civita connection of the conformally rescaled metric g~ = \F~\g. Simi- 
larly, if F~^ 7^ 0, one finds that 

V+F+ = (4.43) 

where V"*" is the Levi-Civita connection of g+ = \F+\g. It follows that if both F+ ^ and 
F~ 7^ then the manifold is ambi-Kahler. Such geometries have been classified in [2] . However, 
the integrability conditions of the Killing spinor equations (I4.36P impose a number of additional 
conditions. 

In particular, suppose that F~ ^ 0, and evaluate the condition V^F^ = explicitly, 
substituting in the expression for \F~\ given in (I4.34p . One obtains a set of PDEs for A, and 
after some rather involved manipulation, one finds that if dz\ 7^ then = 0. However, 
(I4.35P then impies that dxU = 0, which is inconsistent with (I4.29p . Similarly, if F~^ ^ then 
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one finds that dz<J = 0. Conversely, F~ = implies that c^^A = 0, and = implies that 
dz<J = as a consequence of f l4.34p . 

Hence enhanced supersymmetry implies that 

dz^ = dzcr = 

and the equations f l4.35p can then be solved for a, X to give 

^„2 _ ^ / + ^2 \ ^-2 _ ^ / + '^s 

for constants ki, k2, k3,ni,n2,n^. This satisfies (I4.30p . The condition fl4.29p implies that 

M = ^ log (i^kix'^ + k2X + k^){^nix'^ + n2X + ns) j + Q{z, z) (4.44) 
where ^ is a real function of z. The equation f l4.3ip is equivalent to 

dzdzQ + ]^{,kin-i + ni/c3 - /c2?^2)e^^ = 

and the metric is 

g = ^((fciX+A;2)(niX+n2))"V-i(rf7/'+</.)2+((A:ix+A:2)(nix+n2))(jW^rfx2 + i^2^4,^j (445^ 
where 

1 

W - 



{\kix'^ + k2X + k'i){\nix'^ + n2X + n^) 
and 

M2 is either S*^, or H'^, according as to whether fcins +721^3 — ^2^2 is positive, zero or negative 
respectively. Also, 

d(f) = -i'^{nik2 — kin2)e'^^dz A dz . 
We remark that the case for which M2 = has been obtained in 1191 . 
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ASD case and separable solutions to SU{oo) Toda equation. 

The special cases F~ = and = correspond to — 2nin^ = and — 2kik^ = 
respectively. In the ASD case, the metric g is Einstein, but not Kahler, whereas the metric 
g~ = \F^\g is Kahler but not Einstein. 

If rii 7^ then the x-dependence in u in fl4.44p is given by a logarithm of a quartic with one 
repeated real root, and two other roots. Without loss of generality we may translate x to set 
this repeated root to a; = 0. In the ASD case we have 

dA = 0, dA = ^A"^ 

and f l4.30p is implied by f l4.29p and fl4.3ip . Now the transformation 

x = ^, z = ^{X + iY), n = |-21ogZ 

reduces fl4.3ip to the SU (oo) Toda equation fll.ll) for U{X,Y, Z). The corresponding solution 
is separable 



f/(X, Y, Z) = Ui{Z) + U2 (X, Y) , where UiiZ) = log (aZ^ + PZ + ^) 
and U2{X,Y) satisfies the Liouville equation 

{U2)xx + {U2)yy + 2ae^^ = 0. 
Here a,/?, 7 are constants which depend on (ni, ?t,2, jt-s). The resulting metric is 

9 = ^ (^(«^' + + 7)'/^3 + V-\di, + 0)2) 
where the three-metric is Einstein so its curvature is constant and 

V = -^ /^^ + ^^ \ 
AKXaZ'^ + I3Z + 

If a = then U2 is harmonic and can be set to zero by a coordinate transformation. The metric 

g^ is then hyperbolic if /3 7^ or fiat if /3 = 0. The case (a 7^ 0, 7 = 0, = 4A) corresponds 

— - 2 

to the CP solution (11. 2p . In this case ni = Q and \F~\ is constant. 
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General case and ambi-Kahler surfaces of Calabi type. 

More generally, the geometry (I4.45p corresponds to a Kahler surface of Calabi type, as described 
in [2]. To see this, define 

g = {kix + k2)~'^g 

and define the co-ordinate and the function Q{y), by 

riix + n2 



{nik2 - n2ki)y 



kix + ^2 



{k^x + k2)-^W{xY^ = ^f{nik2-kin2)Qiy) 
where we here assume thall 

77-1^2 — kin2 7^ 0. Then 

g = ydsl + yQ-'dy^ + y-'Q{dij + (f)f 

where Q{y) is a product of two quadratic polynomials in y and 

1 

d(p = dvols, = -£^(nifc2 — n2ki)ds'^{M2) . 

This form of the metric is a special case of the metric appearing in equation (10) of 

It remains to consider the case for which the solution preserves 3/4 of the supersymmetry. 
The analysis in this case proceeds using spinorial geometry techniques analogous to those used 
to prove that there are no solutions preserving 31 supersymmetries in IIB supergravity |13j . 
In particular, by introducing a S'pm(4)-invariant inner product on the space of spinors, a 3/4 
supersymmetric solution must have spinors orthogonal, with respect to this inner product, to a 
normal spinor. By applying appropriately chosen Spin{4) gauge transformations, this normal 
spinor can be reduced to the simple canonical form as that adapted for the Killing spinor in 
[8j. In this gauge, a simplified basis for the space of spinors can be chosen. On evaluating the 
integrability conditions on this basis, one finds that F = 0, and the metric must be locally 
isometric to H'^. 
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